











Generalized q-exponentials related to orthogonal












An essential prerequisite for the study of q-deformed physics are particle states
in position and momentum representation. In order to relate x- and p-space by
Fourier transformations the appropriate q-exponential series related to orthog-
onal quantum symmetries is constructed. It turns out to be a new q-special
function giving rise to q-plane wave solutions that transform with a noncom-
mutative phase under translations.

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1 Introduction
The theory of quantum groups is closely related to the structure of quantum mechanics
as commutative coordinate algebras are replaced by noncommutative operator algebras,
that are in a strict mathematical sense deformations of a commutative structure. The
developments in noncommutative geometry and quantum groups provide new motivation
to address the question of quantized spacetime, that have been discussed almost as long
as quantum mechanics itself [1]. When the angular momentum algebra becomes a non-
commutative operator algebra in quantum mechanics yielding the discretization of energy
levels, is it then not also conceivable that noncommutative position and momentum alge-
bras give rise to a quantization or discretization of the spacetime continuum itself? This
idea was discussed some decades ago when divergence problems in quantum eld theory
were traced back to the probably unphysical use of the continuum [2].
From a current point of view it is commonly accepted that at some small scale the smooth
manifold picture of spacetime breaks down. Pictures of a foam-like structures [3] or of a
thermodynamic nature [4] of spacetime were evoked. Clearly, the questions addressed here
are outside experimental accessibility as measurability becomes impossible long before a
quantum nature of spacetime shows up [5]. For a fundamental understanding of forces
and matter, however, a consistent mathematical description cannot be abandoned and
the obvious unsolved problems of quantum physics with gravity and the submicroscopic
structure of spacetime have to be approached.
We foster the idea that extending the basic quantum mechanical paradigm well-known
for the quantization of angular momentum to spacetime observables themselves should
be considered a natural approach to the microstructure of spacetime. Current research
on quantum groups as the mathematical structure for such a construction focuses on
analysing q-deformed structures of quantum theory. In this article we concentrate on the
important feature of Fourier transformations that relate noncommutative position and
momentum spaces. The basic ingredient here are appropriate generalized q-exponential
series that are related to orthogonal quantum groups with
b
R operators satisfying the
Birman-Wenzel-Murakami algebra. This will be the central issue of this article. From a
purely mathematical point of view the results may also be of interest as they provide a
new class of q-special functions.
For the so-called quantum plane (with
b
R of Hecke type) the appropriate exponential has
been given at the beginning of the century by F. H. Jackson (without any relation to
quantum groups of course) and noncommutative eigenvalues and Fourier transformations
were introduced recently [6], which is a major starting point for this work. In this approach
we study rst the quantum symmetry structure on the noncommutative algebraic level
as far as possible and discuss eigenvalue problems in the noncommutative setting. In a
second step the usual quantum mechanical construction of Hilbert space representations
of (essentially) self-adjoint operators should be pursued.
1
It should be mentioned that a sort of generalized q-exponentials have already been con-
sidered in [7] for general
b
R-matrices. The results, however, exclude q-deformed Euclidean
and Minkowskian spaces and are only applicable for freely generated algebras, that have
so far no application in physical theory.
The paper is organized as follows: In section 2 the basic
b
R-matrix properties for orthogonal
quantum groups and their dierential calculus are given. This algebraic structure is
augmented by quantum spaces of nite displacement in position and momentum. The
generators of translations are identied and their commutation relations with the quantum
spaces calculated. In section 3 the generators of translation are integrated up to nite
translation operators, this involves new generalized q-exponentials. For this construction
new q-combinatorial coecients have to be introduced also. Then the actions of the
translation operators in position and momentum space on functions of conjugate variables
is analysed. Some technical material is collected in the appendix. In section 4 momentum
eigenstates are introduced and some of their properties discussed. Employing the idea of
an average or integral of noncommutative functions from [8] Fourier transformations can
be dened in the same manner as for the quantum planes [6]. The article concludes with
a discussion of open problems and some comments on related work.
2 Euclidean and Minkowskian quantum vectors with
nite translations
Let us start with reviewing some basic properties of orthogonal quantum groups in general
and introducing additional quantum spaces of nite displacements for this case following
[6]. We adopt the following conventions: The normalization of
b
R-matrices has been chosen
dierently by dierent authors and there is also frequent usage of q
 1
instead of q. In
this article we use q as in [9] but normalize the
b
R-matrix such that  1 is the eigenvalue
related to the antisymmetric part instead of  q
 1
in [9], consequently all commutation
relations given in that paper apply unaltered to our case. The normalization we adopt
agrees with the treatment of the Lorentz group in [10] but one has to replace there q with
q
 1
for comparison. In writing
b
R-matrix relations without indices it is assumed that all
quantum vectors carry upper indices and
b






R-matrices of orthogonal quantum groups in N dimensions satisfy in addition to the











R + 1) = 0 (1)
making it a Birman-Wenzel-Murakami algebra [11]. This corresponds to a projector



























































) for N even .
(4)



























The metric satises some very useful relations with the
b
R-matrix [9], that allow us to
`move' the braid group operator from one pair of variables to another, which amount to a
rotation of the
b
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Due to the fact that in the
b
R-matrix the eigenvalues of the two symmetric projections




that in general, however, is no













(q) = 1, that can be expressed as a polynomial in
b
R, which satises a simple
relation with
b







  1) = 0 : (9)
It is this splitting in the dierent eigenvalues of the traceless symmetric and the trace
projection in particular that accounts for the major dierence to the case of the quantum
plane where the well-known Jackson exponential can be used.
In the special case of four dimensions there exists a further decomposition of the antisym-






due to the possibility



































R-matrices were found for the Lorentz group in [10] rst. Since its projectors
are related to those of the known deformations of the SO(4) by a similarity transformation
(Drinfeld twist) this property applies to all known orthogonal four-dimensional quantum











1 0 0 0
0 0 0  1










giving the same N as equation (5). As a consequence the quantum Lorentz groups are
included in the general treatment of orthogonal quantum groups in N dimension.











































































The commutation relations for a quantum vector transformed by a quantum orthogonal




R and g TT = g remain the same due to (2) and
(8) and the length g zz is invariant.
In the following we use four such quantum vectors: the position operator x and a nite
displacement of position  and the momentum operator p = i @ and a nite displacement
of momentum . We have to specify a set of consistent commutation relations among
these four quantum planes. The relation between coordinates and derivatives is















in (15) as there are always two choices to dene the dier-
ential calculus on quantum spaces.
1
The requirement that translations in position and
momentum space should yield new quantum planes x
0
= x+  and p
0













As discussed below, both relations are realized if one wants to introduce a -structure: e.g. taking @










= (x+ )(x + )









  1)(x + x)
(17)







(16) (independently from the above choice) but using (15) it turns out that only for the
choice (16) we will nd an appropriate generator of translations in the algebra.
















This xes all commutation relations. As mentioned in [6] this structure can be interpreted
as a braided quantum space with dierential structure in the sense of [12]. We do not
adopt this more restrictive framework here and prefer to develop the noncommutative
structure by spelling out the choices for the commutation relations.
We will now show that the full algebra of x; ; p;  includes the generators of translations
in position and momentum space:
T =  i ( p) Tx = xT + 
S = i (x) Sp = pS + 
(20)
In the following we will use @ =  i p to avoid imaginary units.
We have to compute the commutation relations of the generators and other scalar com-


















































































where the underlined expressions are equal due this relation.





















































































































































































where we have used the relations (13) on symmetric coordinates. Note that this result





With the above technique we get the following relations between the quantum vectors
and the scalar combinations (the vector indices are omitted for simplicity)
@ (x) = (x) @ + 
 (x) = q
 2
(x)    q
 2
x ( )
x (x) = q
2
(x) x+  (xx) 
 (x) = (x) 
x ( @) = ( @) x  
 ( @) = q
2
( @)  + q
2
 @ ( )
@ ( @) = q
 2
( @) @    (@ @) 
 ( @) = ( @) 
6
x ( )= q
2
( ) x  (q
2
  1) ( x)  + (q
2
  1)  (x)
 ( ) = q
2
( )  +  ( ) 
@ ( ) = q
 2
( ) @   (1   q
 2
) ( @)  + (1   q
 2
)  (@ )
 ( ) = q
 2
( )    q
 2
  ( )




 (xx) @   q
 2
x
 (x@) = (x@) 
@ (x@) = q
2
(x@) @   q
2
e
 x (@ @) + @





We will also need the commutation relations with the additional scalar combinations
appearing in (24), that can be calculated accordingly.
@ (xx) = q
2
(xx) @ + (1 + q
 (N 2)
)x
x (@ @) = q
 2





x ( ) = q
2
( ) x @ ( ) = q
 2
( ) @
x ( ) = q
2
( ) x @ ( ) = q
 2
( ) @
 (xx) = q
 2
(xx)   (xx) = q
 2
(xx) 
 (@ @) = q
2
(@ @)   (@ @) = q
2
(@ @) 
 ( ) = q
 2




For later convenience we list also some relations among the scalars that follow directly
from (24) and (25).
( ) (x) = q
 2
(x) ( )
(xx) (x) = q
2
(x) (xx)
( ) (x) = (x) ( )
( ) (x) = q
 2
(x) ( )   q
 2
 ( x) ( )
( x) (x) = q
2
(x) ( x) + q
 2
 (xx) ( )
7
( x) ( ) = q
2
( ) ( x)   q
 2
 ( ) (x)
(xx) ( ) = q
4
( ) (xx)
( ) ( ) = q
 2
( ) ( )
( ) (xx) = q
 4
(xx) ( )
( ) ( ) = q
 4
( ) ( )
( ) ( x) = q
 4
( x) ( )
(26)
Corresponding relations for T = @ follow from a substitution symmetry described below
(46).
3 A construction for generalized q-exponentials
In the last section we have identied the generators T and S for translations in position and
momentum space. We now demonstrate how these relations can be integrated to yield the
nite displacement operators. In the classical case and also for the quantum plane these
operators can be given in terms of a power series in the generator, i.e. the exponential map
and Jackson's q-exponential, respectively. As mentioned above in the physically important
cases of Minkowski and Euclidean spaces the structure of the quantum deformation is more
intricate.
Let us analyse the rst terms of the exponential series for the operator that shifts @ to
@ +  in momentum space
exp(x; ) = 1 + (x) + : : : (27)
Dierentiating this series by @
i
should yield the exponential multiplied with 
i
. This is



















we need also terms involving (xx)( ) with
@
i
(xx)( ) = (xx)( )@
i

































The dierentiation @ reduces the degree in x of any scalar monomial by one. If the
exponential series is a sum of such terms ordered by their degree in x, then the dierential
8
reduces each term to the preceding one, except 1 which is annihilated, multiplied by .
The coecients have to be determined such that term containing x ( ) as in (28) are
cancelled. From this result it is already clear that | unless    vanishes | the Jackson
exponential cannot be used to construct the operator of nite translations. Iterating the
procedure we can integrate the exponential series using [n]
q
 2
= 1 + q
 2


















































































+ : : :
(31)
that is dened by the property
@ exp(x;) = exp(x;) (@ + ) : (32)
In order to write a closed form for the coecients of the additional terms (xx)() that
appear in this generalized exponential we have to consider the following three relations




















































We can observe that the relations iterate in two steps f:::g ! [:::] ! f:::g etc. reducing
the power in (x) at least by one at each step.
9






































































for q = 1. Hence there exists also



























































  1 changes the argument of the sums by a
factor q
 2

























































  n)=(1   q
2











q. In order to account for the additional terms due to the trace projector in (13) we have
















One can now consider two cases in which the derivative reduces this term in the expansion





























(x;) is dened by (38) with
e























































































































































































































(x; i) = exp
q
 2












The function f can depend arbitrarily of  also due to the fact that  commutes with
both (x) and (xx)() and hence with the whole exponential that depends only on the
scalar combinations (x) , () and (xx), i.e. the structure of the exponential function
in this q-deformed generalization depends on the length of the translation. Clearly, the
exponentials built from scalar combinations are invariant under quantum orthogonal or
Lorentz transformations.
It is a simple consequence of relations (43) that the two exponentials are the inverses of









( x;) = 1 (45)
Proof: From (43) it is clear that this combination commutes with the derivative and
hence is independent of x; since x and  appear in the denition of the exponentials
always with the same power it is also independent of  and consequently it must be the
number appearing in the product which is 1. Due to the fact that x and (xx)( )
commute and thus all (x;)
(n)
, the exponentials are true inverses. Note that the statement
remains true for replacing x with  or x+  since the x- commutation relations coincide
with those of -.
11
In order to obtain the translation generator for the momentum space one can make use of
a symmetry of the commutation relations (24). The relations used in momentum space





















ii) @ ! x ;  ! 
i.e. (x) ! ( @)
( ) ! ( ) ; (xx) ! (@ @)
iii) q ! q ; i.e. ! 
(46)








































This exponential depends only on the scalar combinations () , () and (@@) . The
inverse properties are accordingly.
Having dened the generalized exponentials by their dierentiation properties it is an











Proof: Considering the product exp(; @) exp(x;) there are two ways to commute the
exponentials using (44) or (48). Either the rst one is used as translation of x or the













(; @ + ) (50)






(; @ + ) = exp
q
 2
(;) + (terms containing @;  and partly ) (51)
and due to the fact that all commutation relations among @;  and  are homogeneous,
no additional term independent of @ can arise besides exp
q
 2
(;) by using these relations
2
This observation is due to Chong-Sun Chu.
12
to order the expressions. For exp
q
 2
(; @) the only term independent of @ is 1. In (52) x
is already ordered left of @. To be an identity the terms independent of @ in the relation
(52) must coincide on both sides yielding the desired result.
Since (49) is an algebraic statement for x;  and , it holds for all triples of quantum
vectors that have the same commutation relations.
4 Eigenstates and Fourier transformations
As introduced in [6] for the case of the quantum plane, we can now use position and
momentum vacua to construct eigenstates of the momentum operator p and the position
operator x with (noncommutative) eigenvalues  and . We use again @ =  i p to avoid
imaginary units.
Let us dene zero-momentum or `vacuum' states:
j0i = j = 0i with @j0i = 0
h0j = h = 0j h0j@ = 0
(52)





i.e. the  in front of the vacuum does not spoil its property (54) and hence one can write
it on the r.h.s. of the ket.
Due to relation (43) we can dene arbitrary momentum eigenstates using the vacuum and
the exponential:
ji = exp(x;)j0i with @ ji = ji 
hj = h0j
g
exp( x;) with hj@ =  hj
(53)
This denition of the states has the favourable property that
f(@) ji = ji f()
hj f(@) = f() hj
(54)
Had we chosen a dierent denition of the states such that the eigenvalues appeared on
the same side of the state as the operator, the evaluation of a function on such a state
would have changed the function itself. Assuming that the vacuum state is normalizable,
and hence its normalization should be unity, we can write in particular
hj f(@) ji = f() : (55)
This shows that analog to the undeformed case the operators @ and x are to be applied
inside of brackets of states yielding results in term of their eigenvalues.
13




























using the inverse relation (45). From this it is clear how momentum eigenstates transform
under a nite translation, they acquire a noncommutative phase:















; ; ) has the same noncommutative structure as (x; ; ), we
nd, that the transformations form a kind of noncommutative translation group:
x! x+  + 
0

























(x;)j0i = h0j0i (60)
and this norm is also preserved under translations since the noncommutative phases can-
cel.
Orthogonality relations of states are in the noncommutative setting more complicated.
It is easy to recognize that the vacuum state is still orthogonal to any other momentum
state
h0ji = h0j@ji = 0 i.e. h0ji = 0 : (61)



















relations are the same as the -@ relations and otherwise 
0
commutes like .






















For the case that  or 
0
commuted with the matrix element one could conclude that
h
0
ji = 0 i 
0
6=  : (65)
This, however, may not be the case in general.
3
The basic idea to formulate Fourier transformations of noncommutative spaces is that
there exists an analog of integration as a linear map from the functions in the quantum
variables to the complex numbers [8, 6] or to a noncommutative space again [13]. The
integral is related to the states we have introduced since it has to be a linear functional
that vanishes for a derivative
h@:::i = 0 (66)
which is reminiscent of h0j@ = 0 and expresses the translational invariance of the integral.
Let us complement the momentum states ji
p
with position states ji
x
with the obvious
analog relations. It is a natural assumption that a general state jf i can either be written
as a function in x on the momentum vacuum or as a function in p on the position vacuum.



















































where we assume that the vacua are normalized to unity as above. With this relation we
have found the analog to the notion of position and momentum representation of an ab-
stract state vector in quantum mechanics. On the other hand the Fourier transformations
can now be stated as
e
































where it is understood that x-variables inside momentum vacua and p-variables inside
position vacua are integrated over.
3
In such a case we could introduce a dierent set of bra states
#
hj = h0jexp( x;) with
#
hj@ = hj




ji = 0 i 
0
6=  due to (63).
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5 Conclusion and Discussion
As we have argued in the introduction the quantum deformation of spacetime is some
natural extension of the idea of quantization. It is the translation of a scheme well-
known for the angular momentum in quantum mechanics to spacetime and momentum.
This approach develops a noncommutative geometry for spacetime from the point of view
more closely related to quantization than the constructions pioneered by Connes. There
one adds to the usual spacetime manifold a noncommutative internal space of two points
yielding a two-sheeted `universe' that is more geometrically motivated [14]. However,
there is obviously a common goal in bridging the gap between geometrical and quantum
concepts that already meet at the purely algebraic level.
The main application of the results obtained in this article are relativistic particle states
in quantized spacetime. As the Dirac equation can be easily formulated in this setting
[15] (for higher spin see [16]) and solved in momentum space [17] the states and Fourier
transformations constructed in section 4 allow to give the free solutions in position space.
Their transformation properties under translations have been determined and turn out
to be noncommutative phases. These results may be seen as an alternative approach to
the problem of nding an appropriate quantum Poincare symmetry. In a next step one
can now introduce an analog of electromagnetic interactions in the q-Dirac theory which
is most easily done in the position space representation [18].
One should note that, although we have treated momentum and position space always
equally in this article, they also have dierent properties. First, it is the momentum
generators that give the quantum symmetry of translational invariance and second it is
not possible to have linear conjugation structures on both momentum and position space
in the orthogonal case [20]. From the point of view of particle states it seems most natural
to adopt a linear conjugation structure for the momentum operators [15]. In this case we
nd two sets of position operators x and x (which is a well-known property of discrete
lattice structures) which have to be combined in a nontrivial way for the identication of
a hermitean position observable. For the one-dimensional q-deformed Heisenberg algebra
cf. [19].
The essential feature in the quantum group approach is that the replacing operator al-
gebra is a deformation of the commutative case. This means that if one starts with all
products of the variables involved (free algebra) the number of commutation relations
identifying products of dierent ordering stays the same, i.e. the Poincare series does
not change under the deformation. In [7] it was attempted to give exponential series
for any
b





R coming from computing @xx::: using the
b
R-matrix relation in general. These
combinations are for all cases where a consistent linear dierential calculus is assumed
16
necessarily projectors and hence not invertible.
4
In order not to change the construction
the q-deformed Minkowski space was sacriced for a free algebra that contains 16 instead
of 10 linearly independent quadratic elements. In addition it becomes unclear why one
should use
b
R matrices for the commutation between dierent quantum spaces, since no
Yang-Baxter-Relation has anymore to hold for one matrix, less restrictive relations apply
in this case. As a consequence no Fourier transformations for q-deformed Minkowski or
Euclidean spaces can be dened by this construction [13]. As pointed out in section 3
for vanishing momentum square ( ) the additional pieces in the exponential series
disappear and thus it reduces to the Jackson exponential. There is no need to introduce
new exponentials as suggested in [21].
Let us conclude with a comment on a confusion of tongues. What is meant by the
terms quantum deformation of Lorentz group and Minkowski space? In the spirit of
the inventors of the theory we can nd deformations in a strong sense: The quantum
Minkowski space is a deformation (of the same Poincare series) with a central quadratic
element, its `length'. The quantum Lorentz group transforms this space `covariantly'
which means in particular preserving its noncommutative structure and leaving the length
invariant and thus being a quantum symmetry. As we have seen particle states of arbitrary
mass can be constructed in this framework. We also noticed that they have a well-dened
behaviour under translations even when the question of a quantum deformations of the
Poincare group in the strong sense has not yet been answered fully. (But cf. [22].)
One the other hand there are quantum deformations of Lorentz and Poincare groups in
a weak sense that only require that there exists a limit in which the usual structure is
recovered, but there need not be analogs of invariants and quantum symmetries in the
deformed case. If the Minkowski length is not invariant massive particle states cannot be
constructed. If one restricts oneself to the massless (high-energy limit) case, however, one
might then rather consider quantum deformations of the conformal group than Lorentz
and Poincare groups, that in most cases are not quantum subgroups of the latter.
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4
There is a bit of confusion about this in [13] as the Hecke case is cited as an `example'. 1+
b
R in the
correct normalization required by (9) is clearly not invertible in this case and it is mysterious how one
can \know without any computation" that this reduces to the q-numbers.
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Appendix
To determine the coecients  and
e
 consider the relations (39). The appearing q-numbers








. Let us work out the case (i): The derivative on
(x)
n










) x ( ) [(xx)( )]
a 1
(70)






















































We have to demand that the coecient of (x)
n 2s
x ( ) [(xx)( )]
s 1
that in the


































































For the case (ii) one can calculate accordingly determining the coecient in [( )(x 
x)]
s 1
( ) x (x)
n 2s
, i.e. the same combination as above in the opposite order. Note
that (x) and (xx)() commute and hence (38) need not be changed. The calculation
is facilitated by the following observation:
In the previous calculations we ordered the (x) terms to the left hand side. To obtain
the result for the opposite order one can exploit a formal symmetry in the commutation
relations employed: Considering q and  as independent (they are not!) one can observe,
that the inversion of the order of the factors in the equations (22) and (23) and conse-
quently the according iterated relations (33) gives again correct relations if q is replaced
by q
 1








































where the additional factor q
 2s
appears since we do not change (xx)() in (38) and the






 1) nally yields the coecients of the additional
terms in the expansion of the generalized exponential as given in (42) and (43).





cancel. This amounts to the following consistency condition for


































Without a developed q-combinatorics at hand for our case the direct verication by sub-
stitution of the above result is rather cumbersome. So let us only give the outline of the















for all n and t with coecients  that can be read o from (75); 
n
0
:= 1. We use the




























































is true using the denition of C
n
f
. Now one has to show that provided (76) is true for
all t < m it also holds for t = m. This can be achieved by inserting (77) into (76) and
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